We evaluate the forward Compton scattering off the proton, based on Kramers-Kronig kind of relations which express the Compton amplitudes in terms of integrals of total photoabsorption cross sections. We obtain two distinct fits to the world data on the unpolarized total photoabsorption cross section, and evaluate the various spin-independent sum rules using these fits. For the sum of proton electric and magnetic dipole polarizabilities, governed by the Baldin sum rule, we obtain the following average (between the two fits): αE1 + βM1 = 14.0(2) × 10 −4 fm 3 . An analogous sum rule involving the quadrupole polarizabilities of the proton is evaluated too. The spin-independent forward amplitude of proton Compton scattering is evaluated in a broad energy range. The results are compared with previous evaluations and the only experimental data point for this amplitude (at 2.2 GeV). We remark on sum rules for the elastic component of polarizabilities.
I. INTRODUCTION
It is long known that the forward Compton scattering (CS) amplitudes can, by unitarity, causality and crossing, be expressed through integrals of the photoabsorption cross sections [1] . The low-energy expansions of these expressions lead to a number of useful sum rules, most notably those of Baldin [2] , and Gerasimov, Drell and Hearn (GDH) [3, 4] . Given the photoabsorption cross sections, one can thus provide a reliable assessment of some of the static electromagnetic properties of the nucleon and nuclei, as well as of the forward CS amplitudes in general. For the proton, the first such assessments was performed in the early 1970s [5, 6] . Since then, the knowledge of the photoabsorption cross sections appreciably improved, and yet for the unpolarized case only the Baldin sum rule has been updated [7] [8] [9] . In this work, we provide a re-assessment of the forward spin-independent amplitude of proton CS, and evaluate the associated sum rules involving the dipole and quadrupole polarizabilities of the proton.
Sum rules are essentially the only way to gain empirical knowledge of the forward CS amplitudes. It is impossible to access the forward kinematics in real CS experiments. The measurement of the forward spin-independent CS amplitude can be done indirectly through the process of dilepton photoproduction (γ p → p e + e − ) [10] . The timelike CS, involved in the process of dilepton photoproduction, yields access to real CS given the small virtuality of the outgoing photon, or equivalently, the nearly vanishing invariant mass of the produced pair. The experimental result [10] compared well with the aforementioned evaluations [5, 6] . Despite the substantial additions to the database of total photoabsorption cross sections, the works of Damashek and Gilman (DG) [5] as well as Armstrong et al. [6] remained to be, until now, the only evaluations of the full amplitude.
The newer data were used, however, in the most recent evaluations of the Baldin sum rule [8, 9] , which yields the sum of the electric and magnetic dipole polarizabilities, Eq. (9). These recent analyses obtained somewhat lower value for the sum than DG, cf. Table III . In this work we find that the difference between the early and the recent evaluations arises from systematic inconsistencies in the experimental database. We also obtain the sum rule value for a combination of higherorder quadrupole polarizabilities and compare it with several theoretical predictions. This paper is organized as follows. In Sect. II we give a brief overview of the Kramers-Kronig relation and sum rules for polarizabilities. In Sect. III we discuss the fitting procedure for the unpolarized total proton photoabsorption cross section data. The sum rule evaluations of scalar polarizabilities and of the spin-independent forward CS amplitude are presented in Sect. IV. Conclusions are given in Sect. V. The Appendix demonstrates the elastic-channel contribution to the sum rules and polarizabilities on the example of one-loop scalar QED.
II. FORWARD COMPTON AMPLITUDE AND SUM RULES
For a spin-1/2 target, such as the proton, the forward CS amplitude is given by
where f and g are scalar functions of the photon lab energy ν; vectors ε and σ represent the photon and proton polarizations, respectively. The crossing symmetry implies that the spinindependent amplitude f is an even and the spin-dependent amplitude g is an odd function of ν. The optical theorem (unitarity) relates the imaginary part of the amplitudes to the total photoabsorption cross sections:
Here σ λ (ν) is the doubly-polarized cross section with λ representing the combined helicity of the initial γp state. Averaging Fits of experimental data for the total photoabsorption cross section on the proton. Fit I is obtained using MAID [12] results below the 2π-production, and data from LEGS [14] and Armstrong et al. [6] above it. Fit II uses SAID [13] and the data of MacCormick et al. [15] . Both fits use Bartalini et al. [16] and the high-energy data [17] [18] [19] displayed in the insert.
over the polarization of initial particles gives the unpolarized photoabsorption cross section, σ = 1 2
(σ 1/2 + σ 3/2 ). In the present article we focus on relations involving the spin-independent amplitude f , and the unpolarized cross section σ. The Kramers-Kronig relation between these quantities exploits the optical theorem, causality and crossing symmetry, to yield for the proton [1] :
where α = e 2 /4π is the fine-structure constant and M p is the proton mass; the slashed integral denotes the principal-value integration.
We next would like to consider the low-energy expansion of f . At this point it is important to note that the elastic scattering, i.e. the CS process itself, is one of the photoabsorption processes. The total CS cross section does not vanish for ν → 0 but goes to a constant -the Thomson cross section:
This means Eq. (3) does not admit a Taylor-series expansion around ν = 0 (each coefficient in that expansion is infrared divergent, cf. Appendix). Such expansion is nonetheless important for establishing the polarizability sum rules. We hence prefer to take the CS out of the total cross section, i.e.:
where σ abs can be assumed to be dominated by hadronproduction processes, for which there is a threshold at some ν 0 > m π . The amplitude f can be decomposed accordingly into the elastic and inelastic terms,
The details on dealing with f el can be found in Appendix A.
In what follows, however, we neglect the contribution from σ CS , as it is suppressed by an extra order of α. Hence we set f el (ν) = −α/M p , as is usually done. Considering f inel , the low-energy expansion of both sides of Eq. (8) leads to the sum rules for polarizabilities. At the leading order [O(ν 2 )], one obtains the Baldin sum rule [2] for the sum of electric (α E1 ) and magnetic (β M 1 ) dipole polarizabilities:
At O(ν 4 ) we obtain 'the 4 th -order sum rule':
which involves the quadrupole polarizabilities α E2 , β M 2 , as well as the leading dispersive contribution to the dipole polarizabilities denoted as α Eν , β M ν , see [11] for more details. Our aim here is to provide an empirical fit of the available data for σ abs and evaluate the various sum rules.
III. FITS OF THE PHOTOABSORPTION CROSS SECTION
The presently available experimental data, together with the results of the empirical analyses MAID and SAID, as well as our fits are displayed in Fig. 1 . In our fitting we distinguish the following three regions:
where ν 0 ( 0.145 GeV) and ν 1 ( 0.309 GeV) are respectively the thresholds for the single-and double-pion photoproduction on the proton.
In the low-energy region we use the pion production (π + n and π 0 p) cross sections from the MAID [12] and SAID [13] partial-wave analyses. In our error estimate we assign a 2% uncertainty on these values.
In the medium-energy region we fit the actual experimental data, using a sum of Breit-Wigner resonances and a background. Following [8] , we take six Breit-Wigner resonances, each parameterized as
where W = √ s is the total energy of the γp system. The background function is from [6] :
where W 0 = M p + m π corresponds with the pion photoproduction threshold. Observing a significant discrepancy between SAID and MAID around the ∆(1232)-resonance peak and a similar discrepancy between two sets of experimental data, we have made two different fits:
II. SAID [13] + MacCormick et al. [15] .
They are shown in Fig. 1 by the red solid and blue dashed lines, respectively. The corresponding values of parameters are given in Tables I and II . In both fits we have also made use of the GRAAL 2007 data [16] , shown in the figure by lightblue squares. These data had not been available at the time of the previous sum rule evaluations.
Finally, for the high-energy region we use the standard Regge form [20, p. 191] : For W in GeV and the cross section in µb, we obtain the following parameters (for both of our fits): We also tried the high-energy parameterization used in [8] , but obtained a worse fit and abandoned it.
The fitting was done with the help of the SciPy package for Python. The resulting chi-square, evaluated as
is of about the same quality for the two fits. In the intermediate region, we obtain χ 2 /point = 0.7 for fit I, and χ 2 /point = 0.6 for fit II. In the high-energy region χ 2 /point = 1.2 in both cases. Again, the low-energy region is not fitted but is borrowed from, respectively, the MAID and SAID analyses.
IV. SUM RULE EVALUATIONS
Having obtained the fits of the total photoabsorption cross section σ abs , we evaluate the integrals in Eqs. (8) , (9) and (10); the results are presented in Fig. 2 and Table III.  Tables IV and V show contributions of each region to the  Baldin and the 4 th -order sum rule, respectively. The uncertainty in calculating an integral I n =´dν ν −n σ(ν) has been 14.7 ± 0.7 6.4 Babusci et al. [8] 13.69 ± 0.14 A2 Collaboration [9] 13.8 ± 0. 
where χ 2 i is the chi-square at the point i, cf. Eq. (14) .
The corresponding full results (sum of the three regions) are given in Table III , and compared with the results of previous works. In this table we also give the result for the 6th-order integral, and for the full amplitude f at ν = 2.2 GeV. The real part of f is plotted in Fig. 2 over a broad energy range and compared with previous evaluations and the experimen- tal number from the 1973 DESY experiment at 2.2 GeV. Although none of the evaluations really contradicts the experiment, there is a clear tendency to a higher central value.
The new dilepton photoproduction experiments planned at the Mainz Microtron (MAMI) could perhaps provide experimental values in the lower energy range. Obviously, the regions of the extrema (e.g., the ∆(1232) region or the interval between 0.6 and 0.7 GeV) are most interesting as the different evaluations seem to differ there the most. In the region around 0.6 GeV, for example, one of our evaluations (fit I) is nearly identical with Armstrong's [6] , while the other one (fit II) is aligning with DG [5] and A2 Coll. [9] . An appropriately precise experiment could tell which of the groups is correct, if any. βM2 combinations of polarizabilities, compared to results from dispersion relation approaches (DR) [11, 24] , baryon chiral perturbation theory (BχPT) [25] , and heavy baryon chiral perturbation theory (HBχPT) [26] . The errors of the χPT derive from our crude estimate of the next-order corrections. Figure 3 shows both the real and imaginary part of f at lower energies, where it can be compared with a calculation done within chiral perturbation theory (χPT) [22] . A rather nice agreement between theory and empirical evaluations is observed for energies up to about the pion-production threshold.
For very low energy this comparison can be made more quantitative by looking at the polarizabilities. While for the Baldin sum rule the situation was extensively discussed in the literature (cf. [23] for a recent review), the 4 th -order sum rule was not studied at all. It can, however, be very useful in unraveling the higher-order polarizabilities, as illustrated by Fig. 4 . This is the plot of a combination of proton magnetic polarizabilities versus electric, where the various theory predictions are compared with our 4 th -order sum rule evaluation. The band representing the sum rule covers the interval between the two values given in Table III (rows 'fit I' and 'fit II'). The sum rule clearly provides a model-independent constraint on these polarizabilities and a rather stringent test for the theoretical approaches.
V. CONCLUSION
The fundamental relation between the photon absorption and scattering, encompassed in the Kramers-Kronig type of relations, allows us to evaluate the forward Compton scattering off protons using the empirical knowledge of the total photoabsorption cross sections. The present database of the unpolarized photoabsorption cross section is not entirely consistent and so as to reflect that we obtain two distinct fits to it. The two fits yield slightly different results for the spin-independent amplitude f (ν), and hence for its low-energy expansion characterized by the scalar polarizabilities of the proton. Our two results for the sum of dipole polarizabilities (or, Baldin sum rule) correspond nicely with the results of previous evaluations, which too can be separated into two groups: the old [5, 7] , with the value slightly above 14 (in units of 10 −4 fm 3 ), and the new [8, 9] , with the value slightly below 14. The 1996 DAPHNE@MAMI experiment [15] , superseding the 1972 experiment of Armstrong et al. [6] , is clearly responsible for this difference. Neglecting the older data in favor of the newer ones, yields the lower value of the Baldin sum rule, and vice versa. While one can take a preference in one of the two fits and corresponding results, we prefer to think of their difference as a systematic uncertainty in the present evaluation of the polarizabilities and of the forward spin-independent amplitude of the proton.
As far as polarizabilities are concerned, only the Baldin sum rule is appreciably affected by the inconsistency in the photoabsorption database. Nevertheless, the two results (fit I and II in Table III) are not in conflict with each other, given the overlapping error bars. It is customary to take a statistical average in such cases. Taking a weighted average 1 over our two values for the Baldin sum rule we obtain: α
The error bar here does directly not include the aforementioned systematic uncertainty of the cross section database. However, since the two results are fairly well surmised by the weighted average, the latter should be less prone to the systematic uncertainty of the database.
We have presented a first study of the sum rule involving the quadrupole polarizabilities, Eq. (10), here referred to as 'the 4 th -order sum rule'. Our weighted average value for this sum rule, in the proton case, is 6.04(4) × 10 −4 fm 5 . It agrees very nicely with the state-of-the-art calculations of these polarizabilities based on fixed-t dispersion relations and chiral perturbation theory, see Fig. 4 . We note that, while the calculations demonstrate significant differences in the values of individual higher-order polarizabilities, these differences apparently cancel out from the forward combination of these polarizabilities which enters the sum rule.
In the subsequent paper we will discuss the evaluation of the forward spin-dependent amplitude g(ν) and related sum rules for the forward spin polarizabilities of the proton. The knowledge of the two amplitudes will allow us to reconstruct the observables for the proton Compton scattering at zero angle.
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We thank Jürgen Ahrens for kindly supplying us with a database of total photoabsorption cross sections. Consider the elastic forward scattering of a photon with momentum q from a charged spinless particle with fourmomentum p and mass M . In the forward direction (t = 0) this process is completely described by a single amplitude f (ν). The tree-level QED calculation (Fig. 5 ) yields immediately f (1) (ν) = −α/M , where we have chosen the normalization of this amplitude to coincide with the analogous amplitude for the spin-1/2 case [see Eq. (1)]; the superscript indicates the order of α.
Next we consider the one-loop corrections. Figure 6 shows the one-particle-irreducible (1PI) diagrams appearing in scalar QED. The corresponding one-particle-reducible (1PR) diagrams vanish in forward direction, due to the transversality of the photon polarization vector with respect to any of the four momenta, i.e.: q · = 0 = p · .
Renormalization of these diagrams amounts to subtracting their contribution at ν = 0. We thus find the following expression for the renormalized amplitude at order O(α 2 ): .
